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ABSTRACT
Helicoidal fiber structures are essential to shell structures of many animals, such
arthropods and human bones. Despite prior studies, limited research exists to quantify the
mechanical behavior of helicoidal fiber structures with respect to the architecture of the
fibers and matrices. The objective of this research is to use an integrated experimental and
modeling approach to study the mechanical performance of helicoidal fiber structures under
compressive and shear loadings. First, bioinspired helicoidal fiber specimens are created
using 3D printed fiber cores and epoxy matrices. Load-displacement curves are collected for
the helicoidal fiber specimens under monotonic torsional and compressive loadings to
illustrate the composite failure process. Then, microscopic characterization is performed to
reveal the fracture mechanisms in helicoidal fiber structures under normal and shear stresses.
Finally, finite element analysis is performed to detail the mechanical response of the
composites with respect to different design parameters to optimize material design. This bioinspired study provides insights to the mechanical behavior of helicoidal fiber structures and
potential hints for the development of high performance fiber-reinforced composites.
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INTRODUCTION
1.1. Motivation
Crustaceans have strong shells. The shells, primarily made of calcite or cuticle, have
unique structures that give them a toughness three orders of magnitude higher than the
unstructured material alone (Milliron 2012). The shrimp is a marine crustacean that has a fossil
record dating back 300 million years that highly adapted to the ocean life. The mantis shrimps
have evolved specialized clubs that inflict an impressive amount of damage allowing them to
easily break the shells of shrimp, crabs, clams and other prey (Milliron 2012). The micro and
nanostructure of the club has been reported in previous studies (Milliron 2012). A cross section
of the club reveals multiple regions that are critical to induce damage to its prey while keeping
itself intact.
The fibers are oriented in a helicoidal laminate structure where each layer of fiber is at a
slight angle relative to the prior layer, usually between 7 and 20 degrees 9 (Giraud-Guille 1988).
The helicoid diverts cracks in each layer to dissipate more energy during crack propagation,
preventing cutting through cracks across the shell structures. Similar structures have been found
in insects (Chen 2006), arthropods, eggshells, invertebrates, and vertebrates (Neville 1993).
Helicoidal structures have been bio-inspired prototypes of high performance fiberreinforced polymeric composites (Grunenfelder 2014). Helical composite reinforcement has
also been developed recently in the form of helical carbon nanotubes (Egelman 2015). Despite
these studies, limited research exists to study the interlaminar shear behavior where failure is
common in composite laminates (Reddy 2006) of the helicoidal laminates or to detail the
mechanical performance of these structures under shear and normal stresses. Further, the
1

fundamental crack mechanisms between the fiber layers of helicoidal fiber structures are not
well understood.
1.2. Research Objectives
The research objective of this study is to use an integrated experimental and
mathematical modeling approach to study the mechanical performance of the helicoidal fiber
structures including the following tasks: (1) Create bio-inspired helicoidal fiber composites
using 3D printing techniques; (2) Perform experiments to investigate the mechanical
performance of the resulting composites under monotonic compressive and torsional loadings;
(3) Characterize fracture mechanisms using microscopic imaging techniques; (4) Conduct
mathematical modeling to study the effects of fiber architecture on the composite performance
for the purpose of optimized material design.

LITERATURE REVIEW
2.1 Background of Helical Structures

Helicoids, helices and spirals are three words describing different systems that are
often interchanged in literature. A helix is a single coil that travels longitudinally while
advancing at a fixed distance around a central axis. A spiral is a curve that originates at a single
point and progressively travels farther from the central point as it rotates from the origin. A
helicoid is a system, as described above, of successive layers of fibers, with relatively small
angles between layers. (Neville 1993)

2

Figure 1: Sketch distinguishing difference between a helix (A), a spiral (B), and a helicoid (C) (Neville 1993).

Helicoidal composites are comprised of layers of plies oriented in parallel sheets. The
direction of the fibers changes by a slight angle from layer to layer, creating a structure with a
similar shape as a spiral staircase (Neville 1993). Figure 1 is a representation of a helicoidal
fiber layup. Figure 2A is a three dimensional representation of the fibers, that are imbedded in
matrix in natural structures. Figure 2B represents the oblique cross section as highlighted in
Figure 2A. A 180 degree rotation of layers creates a single set of an arc pattern.
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Figure 2: Representation of helicoid fibers (A) and visible the arc pattern through an oblique cross section
(B and C).

Images of the helicoidal structure are difficult to obtain. However, the arc patterns are
visible by the use of scanning electron microscope (SEM). Proper imaging technique can
correctly identify the arcs as a resulting pattern of helicoids opposed to arched structures
(Bouligand 1972). Specific oblique cross sections must be observed and exposing the structure
requires a special pretreatments of acid or staining to expose the fibers depending on the
organism (Bonfante-Fasolo 1984).
Helicoidal architecture is quite common in extracellular structures of animals and
plants (Neville 1993). Micrographs have identified fibers oriented as helicoids through this arc
pattern in scores of insects, arthropods, eggshells, invertebrates, and vertebrates, including in
human leg bone collagen. Figure 3 is an electron micrograph of an oblique section of shore crab
cuticle (Plumptre 1987). The arced patterns are indicative of the helicoid orientation of fibers.
There are also larger white microtubules that run through the thickness.
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Figure 3: Electron micrograph of arced pattern resulting from helicoids in a crab shell with the integrated
tubules through the thickness of the shell (Plumtre 1987).

Similarly, many species of algae, lower plants, coniferous trees, and flowering plants
also have helicoidal structures (Roland 1977). The structure can be visualized as a flat helicoidal
planes rolled into a cylinder.
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Figure 4: Diagram showing series of cylindrical helicoidal forming a helicoidal tube found in plant
structures (Satiat-Jueunemaitre 1990).

2.2 Helicoids in Crustaceans
An inspiration for this thesis is the helicoids in shells of mantis shrimp provide an
impressively strong dactyl club for them. The shrimp’s club has evolved over hundreds of
millions of years to induce impact damage. The shrimp clubs are capable of moving at the speed
of 23m/s (Patek 2005) at accelerations of 10,400g and can resists thousands of repeated impacts
without failing (Weaver 2012). The speed of the strike creates cavitation bubbles between the
club and the prey that add additional force to over 700 Newtons from the impact itself (Weaver
2012). Figure 5 shows the microstructures of the club and delineates the different regions in the
cross section.

6

Figure 5: The left half delineates the three regions of the mantis shrimp club, the periodic region containing
helicoidally oriented fibers. The right half of the figure displays SEM images of two different cross sections
of the helicoids. (Weaver 2012).

A cross section of the club reveals multiple regions that are critical to induce damage to
its prey while keeping itself intact. The structural domains of the cross section are outlined in the
left half of Figure 5.The impact surface is the highly adapted region that strikes the prey. A close
look at the impact region reveals zigzag fibers parallel to the impact surface. The periodic region
beneath the impact region consists of the helicoidal fiber structures. This dissipates energy from
the impact and protects the inner tissues. The striated region of the mantis club that further confine
the crack propagations. (Milliron 2012) proposed a ring-reinforced helicoidal to mimic the effect
of the striated region.
This layup in the periodic region prevents cracks from propagating straight through the
shell and divert the cracks between helicoidal fibers. Figure 5C shows polished surface along the
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arch patterns through the thickness of the shell (Weaver 2012). Figure 5D shows the resulting
helicoidal spherulite shape from the spiraling orientation of the helicoids.
Meyer et al (2013) and Yao’s investigations (2006) highlighted the existence of
helicoidal fibers in crab shells. In crabs specifically, there also exists canals bounded by tubule
structures that extend through the thickness of the shell (Meyers 2006). Helicoids in many of
these crabs are confined into bundles by tubules surrounding helicoids. Single helicoids with
surrounding helical tubules provides inspiration for this study. Figure 6 and Figure 7 show
representations of the bundles of helicoids and SEM images showing the existence of tubules in
different types of crabs.

Figure 6: A models of the helicoid bundles (a) and figures 6b, 6c, 6d and 6e are SEM images of the shell
structure of a chineese hairy crab, a blue crab, a stone crab and and a Dungenesss crab to show
nanochannels where tubules extend though the thickness of the crab. (Yao 2013).
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Figure 7: Helical tubules integrated with helicoids in spider crab shells (Meyers 2014).

Similar helicoids bounded by tubules have been discovered in different types of lobster (Saches
2006, Heldge-Otto 2009). A multi-scale study of micro and nanostructures was done on lobster
shell to find properties of the structures. Figure 8 illustrates four scales of structures of
hierarchical architecture of the fibrous structures in the lobster shell (Svetoslav 2010). The 3D
mapping of elastic modulus in structures at multiple scales are included in Figure 8,

9

Figure 8: Breakdown of the multi-scale, emergent structure of a lobster shell (Svetoslav 2010).

2.3 Bio-inspired Design of Helicoids Using Liquid Crystals
Liquid crystals are used to replicate helicoid structures suspended in a matrix.
Substantial similarities were found between the structure of insect cuticles and liquid crystals
(Robinson 1966). Natural composites consist of fibers made of water-insoluble molecules that
are carefully oriented. Liquid crystals, in the same way, have a mobile phase where their
positions can be controlled before the composite hardens. Liquid crystals that align in parallel
are referred to as nematic, while those helicoidally aligned are twisted pneumatic systems.
Specifically, cholesteric liquid crystals distribute in helicoidal patterns. For liquid crystals, the
amount of energy needed to convert a random arrangement of molecules into a helicoid with a
10

pitch of 1μm is 100,000 times less than the energy to make all of the liquid crystals parallel
(Neville 1993). It is less surprising now that these helicoids are so common with such a low
energy requirement to induce this fiber orientation.
Helicoids themselves can also be oriented in patterns. Helicoids of crab shells, insect
eye lenses, plant cell walls, and mantis eggs are oriented in a curved, spiraling pattern called a
helicoidal spherulite. An example of this type of structure is displayed in Figure 9. Helicoidal
spherulites can also be replicated with liquid crystals (Neville 1993).

Figure 9: Liquid crystalline helicoidal spherulite (Neville and Luke, 1971).

2.4 Bio-inspired Design of Helicoids Using Fiber Composites
Bio-inspired fiber-reinforced composites have been developed based on the helicoidal
structures found in mantis shrimp (Grunenfielder 2014). In Grunenfielder’s experiments, three
11

helicoidal plates of 6.5 mm thickness were made with rotation angles of 7.8, 16.3 and 25.7
degrees between plies. Small rotation angles between plies are known to give a composite inplane, isotropic elastic properties (Nikolov 2010). High energy impact tests were performed on
these samples using a drop tower. Composite plates with the medium angle showed the greatest
reduction in damage with a 49% reduction of dent depth compared to a quasi-isotropic control
and a unidirectional control that split completely. Ultrasound imaging of the interior reveals that
the quasi-isotropic control has the smallest internal damage field and the damage field grows as
the ply angles get smaller. Medium and large angle helicoidal plates also had higher residual
strength after impact when compared to the quasi-isotropic control specimens. In this study, it
was reported that the elimination of the large angles between layers of fibers reduces
interlaminar shear stresses that would cause delamination between layers. The wide spread of
damage of small angle helicoidal plates attests to the structure’s ability to dissipate energy in the
in-plane directions instead of propagating cracks through the thickness.
A similar testing was done by Cheng (2011) using fiber glass specimens. Helicoidal
plates of 24 unidirectional layers stacked at 7.8 degree sequence, double helical stacked at 16.4
degrees, and another 7.8 degree sequence plate symmetric at the mid plane were tested with
ASTM standard long beam flexural and short beam shear tests. Flexural stiffness for all cases
were greater than the quasi-isotropic control. For short beam shear tests, the helicoids did not
improve the shear strength of the composite however, residual strength and resistance to
displacement after failure was greatly improved in all the 7.8 degree helicoidal cases (Cheng
2011).
2.5 Torsion
12

For this study, torsional testing is used to characterize the interlaminar shear strength
of the helicoidal composites. Torsional loads induce pure shear stress distribution in every cross
section normal to the axis (Tan 2013). For pure torsion, the principal plane is oriented at 45
degrees relative to the normal axis creating principal tensile stresses at this orientation (Figure
10). Ductile materials will fail in shear and brittle materials will fail in tension along the 45
degree principal plane. The shear stress is described as (𝜏 =

𝑇𝑅
𝐽

) and the resulting principal

tensile stress is equal to the shear stress (University of Colorado).

Figure 10: Illustration of shear and principal tensile stresses induced by torsion.
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Figure 11: Two failure modes of solid torqued specimens: (a) ductile material and (b) brittle material.

Conventional shear tests include short beam shear and double notch shear tests (NPL
2004). They are restricted to applying maximum shear to a single plane of the specimen and
often induce small amounts of bending, tension and compression. Torsional tests have
advantages in that they have pure torsion (shear) loading and the maximum shear exists on the
surface of the entire gauge length rather than a single point (Wang 2003).
The response of composite materials to torsion has had significant exploration for
applications in many structural fields from aviation like carbon fiber rotor parts and drive shafts
for helicopters (Montagnier, 2013) to reinforced concrete columns (Ju et. al. 2015). Fatigue and
failure criteria and fracture toughness are of main interest to contribute aviation design while
reinforcement specific for resisting static torsional loads has been researched for reinforced
concrete design. Spiral reinforcements resist torsion for static cases in reinforced concrete
(Chalioris 2013). Cyclic loading compromises stiffness of composites but does not cause
catastrophic failure (Ogasawara, 2009). Typical failure modes induced by torsion are shear
delamination and buckling (Turvey, 1998).

14

2.6 Compression
The response of the three composite structures to compression is also of interest in this
investigation. Fiber reinforced composites often have lower compressive strength relative to
tensile strength making compression a limiting factor for design (Ahmad et al., 2001).
Compressive performance of composites is hindered by the tendency for fibers to buckle locally
within the matrix. Fiber buckling is common and typically govern fiber composite failures
(Avery, 2004). Failure mechanisms of composites under compression is of key interest for
developing their response to compression as well as residual strength after fracture (Andrew
2015). Composite laminates like exoskeletons of animals most typically are subject to
compression both statically and by impact. Standard monotonic compression tests are typical
for determining compressive properties of materials (ASTM D695).
2.7 Composite Laminate Theory

Composite laminate theory and differential equations can be applied to model the static
behavior of the composite investigated in this thesis. (Hildebrand 1962 & Greenberg 2013) An
in-depth analytical investigation of the composite is outside the scope of the project though
included in Appendix 1 is an overview of differential equations that can be applied to this
composite rod. It will walk through the construction of circular cylindrical coordinates in order
to describe position, surfaces, volume, and gradient for elastic mechanics and many other
applications.

It will demonstrate the use of applied mathematics using plate theory and
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differential equations to find a solution for the composite as the sum of a hollow cylindrical shaft
and solid cylindrical core.
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METHODOLOGY
3.1 Sample Preparation
3.1.1 Bio-inspired Helical Fiber Structures
Three different helicoidal fiber structures are investigated in this study.
Representations of these structures are shown in Figure 12. These include plain helicoidal fiber
structures (Plain), the ring reinforced fiber structures (Rings) and the helical fibers reinforced
helicoidal fiber structures (Helix). Even though the first two structures are effective in resisting
crack propagations along the depth, their capabilities in resisting interlaminar shear stress are
not well understood. Hence, Helix structure is proposed to improve the interlaminar shear
strength while keeping the lateral constraints in resisting top-down cracks. These helical fibers
bridge the interlaminar discontinuity between the helicoidal fiber layers.

Figure 12: Representations of fiber reinforcement for the three specimens tested. Left: Plain helicoidal fibers
(Plain). Center: Helicoidal interior fibers with outer reinforcing rings (Rings). Interior helicoidal fibers with
longitudinal helical reinforcing fibers (Helix).

3.1.2 3D Printed Helical Fiber Cores
17

Three types of helical fiber cores are created using 3D the printer. Layers of short fiber
running across the diameter are stacked through the entire length of the specimen. Each fiber layer
is slightly rotated by 16.4 degrees relative to the preceding layer. This creates a cylindrical core
of helicoidally stacked fibers. Two types of reinforcement are implemented to the rotating fiber
stacks to improve the structure performance. These include: (1) twelve helical fibers running
continuously through the specimen length (Helix) and (2) single reinforcing rings surrounding
each layer of lateral fibers (Rings). Both are inspired by previous studies of mantis shrimp and
crab shell structures. Reinforcing cores are printed using Stratasys PolyJet brand, RGD720 resin
(Stratasys Ltd., Rehovot, Isreal). Printing support material is dissolved in a lye bath of a of 4 wt.%
sodium hydroxide for 36 hours. This is a concentration higher than conventional printing baths
as low concentration baths would cause the fragile cores to break apart. Cores are immediately
soaked and rinsed thoroughly in water to wash away residual salt. Even small amount of sodium
hydroxide residue will result in dramatic chemical reactions with the epoxy matrix during curing
period and make the specimen not usable.

Figure 13: 3D printed cores after completion of lye bath. Plain (top), Rings (center), Helical (bottom) Scale
bar corresponds to one inch.
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3.1.3 Fiber-Reinforced Composites
A series of fiber-epoxy composites are prepared to study the mechanical performance
of the helicoidal fiber structures. Dog bone specimens are used in monotonic torsional tests to
characterize the interlaminar shear behavior of the helicoidal composites. Cylindrical specimens
are used in monotonic compressive tests to characterize the compressive strength. In order to
fabricate the fiber reinforced composite specimens, plastic molds are also created using 3D
printing techniques.
When the molds are fabricated, reinforcing cores are centered in a mold and cured in a
polyester resin. For the torsional test, the resulting dog bone specimen in 3.3 inches long and
0.45 inched in diameter. The gauge section of the specimen is 1.9 inches long and transitions to
square sections that fit to fixtures for the leading machine to hold. Compression specimens are
made to be 0.8 inches long at the same diameter of 0.45 inches.

Figure 14: Dimensioned drawing of the torsional specimen.
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Figure 15: Dimensioned drawing of compressive specimen.

The matrix is FGCI Boatyard brand polyester resin (Fiber Glass Coatings Inc, St.
Petersburg, FL). The four quarters of the molds were tightly assembled together with surrounding
electoral tapes. The specimens were hung for curing to keep the reinforcement straight and center
in the mold. The curing period lasts for 30 days and specimens were fabricated within a month.
When the specimens were fully cured, surfaces are polished to reduce surface defects. Steps of
the fabrication process are shown in Figure 18 and Figure 19. Polished specimens are shown in
Figure 20.

Figure 16: Dimensioned drawing of a torsional mold piece. Dimensions are in inches.

Figure 17: Dimensioned drawing of a compressive mold piece. Dimensions are in inches.

20

Figure 18: Helical reinforcing core is centered in mold. Scale bar corresponds to one inch.

Figure 19: Mold in sealed with tape, filled with resin matrix, and hung from core to cure. Scale bar
corresponds to one inch.
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Figure 20: Finished polished torsional specimens. Plain (top), Rings (middle), Helical (Bottom. Scale bar
corresponds to one inch.

Figure 21:Finished polished compression specimens, scale bar corresponds to
one inch, Plain (left), Rings (center), Helical (right)

3.2. Mechanical Testing
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To quantify the mechanical performance of helicoidal fiber structures, mechanical tests
are conducted to characterize the composite behavior under shear and normal stresses. To study
the shear behavior, torsional tests are selected since pure shear stress field is created over the
entire gauge section of the dog bone specimens. To study the normal behavior, compressive
tests are selected since direct observation can be obtained to characterize top-down cracks along
the stacking axis of the helicoildal fiber structures.

3.2.1 Design of Fixtures
The fixtures of the torsional tests are fabricated using stainless steel to provide enough
stiffness and strengths when the fiber-reinforced epoxy specimens are placed inside. Square
ends of the dog bone specimens are held tightly inside the fixtures through which consistent
torque is provided in the rotational process.

Figure 22: Design details of the torsion test fixtures
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3.2.2 Monotonic Torsional Tests
Monotonic torsional tests are conducted using the Mark 10 horizontal torsional test
bench (Mark-10 Corporation, Copiague, NY) to measure the interlaminar shear strength of the
three types of helicoidal fiber structures. When the dog bone specimens are placed in the
fixtures, a distance of 2.2 inches between the ends of the holding fixtures is maintained for each
specimen to ensure consistent axial constraints during the rotations. Displacement control is
used to apply the torque with a loading rate of 1.25 degrees per second. When the sample fails,
a torque-angle curve is recorded to illustrate the entire specimen failure. Three replicas are
collected for each type of the helicoidal fiber structures.
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Figure 23: Set up of torsion test on Mark-10 testing machine. Scale bar corresponds to one inch.

3.2.3 Monotonic Compression Tests
Monotonic compression tests are conducted using the GeoComp Load Track
II loading frame (GeoComp Corporation, Acton, MA) to quantify the composite behavior of the
helicoidal fiber structures. During the test, a preload of 2.5 pounds is applied before
displacement control is used to fail the specimen at a rate of 0.0033 inches per minute (0.08
mm/min). After failure, a load-displacement curve is recorded to illustrate the compressive
failure.
3.3 Microscopic Characterization
3.3.1 Optical imaging
The fracture surfaces of the failed specimen are examined using an Aven brand digital
optical microscope (Aven Inc., Ann Arbor, MI). The failed specimens are shown in the optical
images.
3.3.2 Scanning Electron Microscopy

Fracture surfaces of the torsional specimens are examined using a JEOL
6060LV.Scanning Electron Microscope (JEOL USA Inc., Peabody, MA). For the purposes of
this study, low magnification is used to characterize fractured fiber and matrices. Fracture
surfaces are sputter coated with gold/palladium before SEM characterization. A target coating
of 60 nm is used.
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3.3.3 Micro-CT Imaging
The Micro CT imaging is done by a Skycan 1173 brand Xray microtomographer
(Microphotonic Inc., Allentown, PA). This technique is used specifically for compressive
specimens. The CT scan characterize the cracks inside of the specimen without cutting the
specimen after testing. All specimens are obtained around 4 minutes during the compressive
test, in which load is between the peak load and final failure. Each scan is performed at the
resolution level of 2000 x 2000. A 360 degree scan is performed with a rotation step of 0.2
degrees per second. It takes around 16 hours to complete an individual scan.

3.4 Finite Element Analysis
In this study, finite element model is used to study the mechanical response of the
helicoidal fiber structures under shear and normal stresses. Two main components are included
in the model, i.e. fibers and matrices. Both fibers and the matrix are assumed to be linear elastic.
Perfect bonding exists between them so that no relative movements or interfacial failures occurs.
The model is meshed using linear, tetrahedron elements. Finer mesh is assigned to the fiber
region. Each model contains approximately 100,000 nodes and 570,000 elements.
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Figure 24: Transparent image of finite element model showing twelve exterior helical fibers surrounding two
layers of horizontal helicoidal fibers.

First, the finite element model is constructed to simulate the mechanical response of the
helicoidal composite specimens using 3D-printed cores. There are twelve helical fibers with a
pitch angle of 69 degrees. Meanwhile, the top interior fiber layer is set at an 8 degree angle relative
to the lower fiber layer. The fiber volume fraction of the specimen is 0.31. The elastic material
properties assigned to the fiber and matrix are summarized in Table 1. Monotonic torsional or
compressive load are applied to the top surface of the model while the bottom is fixed.

Product

Young' Modulus (psi)

Poisson's Ratio

Fiber

RGD720 Resin

145,000 a

0.37 b

Matrix

Polyester Resin

190,000 c

0.3

a. Stratasys 2014
b. Aly, Mohammed 2010
c. Bagherpour 2012

Table 1: Material Properties of Composite Materials.
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To further investigate the effect of fiber architecture on the mechanical performance of
helicoidal fiber composites, numerical simulations are performed to study different factors in the
fiber architecture, including the modulus ratio between the fiber and the matrix, the pitch angle
of the helical fibers, the number of helical fibers and the inter-layer rotating angles between the
helicoidal laminates.

The first parameter tested is the modulus ratio between the fiber and the matrix. The fiberto-matrix modulus ratio varies between 0.1 and 25. Usually, in fiber composites, the fiber modulus
is higher than the matrix modulus. This study also investigates the behavior of the composite
when the matrix is stiffer than the fiber because this is consistent with the fabricated specimens.

Then, the pitch angle of the outer helical fibers ranges from 0 to 90 degrees in
increments of 15 degrees. A zero degree pitch is modeled with individual horizontal rings
surrounding the helicoidal fiber layers by maintaining the same volume ratio with other helical
fiber cases. The diameter or the number of fibers do not change throughout the test. The pitch of
the fibers change in a way that the farther they extend radially, the more they thin out. This
preserves the fiber volume for each trial of the test to isolate the pitch angle as the sole variable
Figure 25

Figure 25: Geometry of helical fibers as pitch angle changes from 0 degrees to 90 degrees.
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The number of exterior fibers surrounding the helicoidal core is the third parameter of the
investigation. The test starts with a model with two exterior fibers and the fiber number increases
to 40 with increments of two (Figure 26). The fibers are at the control angle of 69 degrees. As the
number of fibers increases, the diameter of the individual fibers is decreased in order to preserve
the actual fiber volume of 0.31 throughout the test.

Figure 26: Exterior fibers as number of fibers is changed from 2 to 40.

The last parameter is rotation angle in the helicoidal core. Initially, the two layers of fibers
are stacked in parallel to each other. Then, the angle increases from 0 to 90 degrees in increments
of 15 degrees. Again, the fiber volume, number of exterior fibers and fiber pitch angle is that of
the control. Figure 27 displays illustrations of the interior fiber reinforcement as the rotation angle
changes from 0 to 90 degrees.
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Figure 27: Interior fiber layers as relative angel changes from 0 to 90.

For torsional models, a torque of 7 lb-in is applied to the top surface of the model. For
compressive models, a load of 100 pounds is applied to the top surface. For both cases, the four
parameter are investigated systematically using numerical simulations.

EXPERIMENTAL RESULTS

4.1 Torsional Testing
In monotonic torsional tests, torque-angle curves are collected for each specimen to
illustrate the failure path. Before peak load, each curve is separated into a linear elastic region and
then a secondary, non-linear region afterwards. A representative torque-angle curve is shown in
the Figure 22 below
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Figure 28: A representative torque versus shear strain curve. The curve represents maximum stress and
strain that exists at the outer surface of the specimen. The red segment is the linear part, the blue segment is
the secondary linear region, and the black segment is the drop at failure.
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4.1.1 Elastic Response
The ‘cut off’ point chosen for linear elastic analysis was the rotational displacement at a
load of 7 lb-in. This point is within the linear elastic region for all the tested specimens. Plots of
load versus displacement curves for Plain, Rings and Helix specimens are shown below. For these
curves, each linear elastic region is highlighted with color and includes a linear fit line of the
respective linear elastic regions.

Figure 29: Stress-Strain curves for Plain specimens with highlighted linear elastic regions and
corresponding linear best fit lines for elastic regions. Dotted lines are linear best fit lines of the elastic range
for each corresponding curve.
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Figure 30: Stress-Strain curves for Ring specimens with highlighted linear elastic regions and corresponding
linear best fit lines for elastic regions. Dotted lines are linear best fit lines of the elastic range for each
corresponding curve.
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Figure 31: Stress-Strain curves for Helical specimens with highlighted linear elastic regions and
corresponding linear best fit lines for elastic regions. Dotted lines are linear best fit lines of the elastic range
for each corresponding curve.
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The average rotation at this load was 2.7 degrees for plain specimens without exterior
reinforcement, 3.55 degrees for specimens with outer, horizontal ring reinforcement and 3.05
degrees for specimens with outer helical reinforcement. The results and corresponding out-ofplane shear modulus of the composite are summarized in Table 2.

Rotational
Displacement at 7 lbin (degrees)
Out-of-plane shear
modulus (psi)
Fiber Volume Ratio

Plain

Rings

Helix

2.7

3.55

3.05

79,700

60,620

70,560

0.22

0.30

0.30

Table 2: Summary of rotational displacement and out-of-plane shear moduli of test specimens.

In this study, the fiber modulus is lower than the matrix modulus. The Plain specimens
have more high modulus matrix material due to the absence of exterior fibers, making the plain
composite more stiff than the others. The Rings specimens are the least stiff due to the
discontinuity between layers of rings. The Helix specimens have the structural advantage of shear
resisting helical fibers. Though the fibers are less stiff, the fiber architecture contributes
substantially to the out-of-plane shear stress resistance. Comparison of experimental results to
finite element results is included in the following sections.
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4.1.2 Peak Loads

The correlation between the reinforcement types and the peak loads at failure is shown
in the figure below. The average peak load was 65.8 lb-in for plain specimens, 38.6 lb-in for
ring specimens and 46.8 for helical specimens. This comparison correlates directly with the
comparison of the stiffness’s of the specimens.

Figure 32: Comparison of average peak loads of the three types of specimens. Error bars indicate a single
standard deviation for the sample size of three of each type of specimen.
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The presence of the fibers, are comparable weaker phases to the matrix, especially
given that the elastic modulus of the fibers are lower. When high modulus fibers are used, the
fibers would carry high stresses instead.

Ring and helical specimens have lower strength than plain specimens. Ring and helical
specimens have fibers located farther from the central axis and closer to the outer surface.
Maximum stress occurs at the surface of the cylindrical specimens. Shear stress increases
linearly from the central axis, putting the exterior fibers that cause stress concentrations in a
region where stresses are naturally higher. In comparison, the plain specimen’s interior fibers
are positioned closer to the center where stress is naturally lower.

The ring reinforcement put at a farther disadvantage due to their fiber discontinuity in
the depth. This disagreement creates more defects in comparison to the helical fibers that are
more in line with the principal plane.

4.2 Compression Testing

In monotonic compression tests, the load-displacement curves are collected for each
specimen to illustrate the failure process. Peak loads are collected from a set of test specimens.
The average peak load is 1230 pounds for plain specimens, 630 pounds for ring reinforced
specimens and 700 pounds for helically reinforced specimens. The ring reinforcement is again
at a clear disadvantage to resisting normal stress due to the discontinuity and fibers oriented
perpendicular to the load. Helical structure has more resistance to the load particularly with the
large pitch angle that is more lined up to resist normal stress in the longitudinal direction.
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Figure 33: Stress vs. Strain plot of representative compressive specimens.
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Figure 34: Comparison of average peak loads of the three types of specimens. Error bars indicate a single
standard deviation for the sample size of three of each type of specimen.

4.3 Fractographic Results

4.3.2 Torsional Specimens

In torsional tests, all three types of helical fiber structure specimens split into halves.
The fracture surfaces of these failed specimens are characterized using both optical and
scanning electron microscopes.
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The failure surfaces of the failed specimens are approximately 45 degrees with respect
to the cylindrical axis. This agrees well with failure of brittle materials under torsion which
occurs orthogonal to the maximum tensile stress. For a shaft in torsion, pure shear stress exists
in the gauge section, and the maximum principle stresses act in a plane which is 45 degrees to
the cylindrical axis. By taking a close look at the fracture surfaces, we can also see the
delamination between the fiber and epoxy existed on the fracture surfaces.

Figure 35: Failed specimen with plain fiber reinforcement showing a 45 degree fracture.

Detailed characterization is shown by the SEM characterization. For all specimens,
cracks initiate at the cylindrical surface where maximum shear stresses occur. In the external
epoxy layers, characteristic features of the source, mirror and hackle regions are detected.
However, as cracks propagate toward the cylindrical axis, varying fracture mechanisms appear
for different types of helicoidal fiber structures.

In Plain structures, since there is no fiber reinforcement outside the helicoidal cores,
cracks cut through the reinforcing fibers to form an integrated fracture surface. The line patterns
on the fiber cross sections clearly indicate a fast propagation of the cracks through the matrices
and fibers (Figure 29).
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In Ring structures, parallel rings are placed surrounding the rotating fiber cores. The
ring reinforcements are cut off when cracks hit ring fibers. However, due to the shielding of the
external rings, cracks diverts to the interfaces of the fibers and matrices and horizontal
delamination occurs. This is provided by the exposed fiber surfaces in Figure 37.

In Helix specimens, the helical fibers are placed around the rotating fiber cores.
Similarly, the helical fibers are cut during crack propagation. When external fibers fail,
interfacial delamination occurs between the rotating fiber cores and matrices as shown in Figure
38.

In general, in the pure shear stress field created by torsion, cracks propagate by cutting
the rotating fiber cores in the plain and ring structure. However, in helix structures, when cracks
cut the external helical fiber fibers, they tend to propagate along the interfaces between the fiber
and matrices.
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Figure 36: SEM image of plain specimen fracture surface showing fiber failure of interior fibers.

Figure 37: SEM image of ring specimen fracture surface showing failure of ring fibers interior fibers
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Figure 38: SEM image of helical specimen fracture surface showing helical fiber failure and interfacial
failure along interior fibers.

4.3.2 Compressive Specimens

The fracture surfaces of compressive specimens are characterized using the Xray
microtomography techniques. In plain structures, there are cut-through cracks across the fibers,
which propagate beyond the central helicoid core to the external epoxy matrix (Figure 39). In a
3D view of the crack, when the crack cuts the top fiber, it switches to interfacial crack between
the fiber and matrix. When the crack hits the next layer, it become a cut-through crack again.
But, the crack path has been changed between the adjacent layers.
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Figure 39: microCT Image showing crack pattern in plain compression specimen in plane of helicoid layers.

Figure 40: microCT Image showing crack pattern in plain compression specimen through layers of helicoid
fibers.
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Figure 41: A schematic of the crack paths in the plain helicoidal specimen.

In ring structures, interfacial cracks delaminate the central helicoidal cores. Cutthrough cracks are also found across the external rings. In the cross sectional view, similarly,
the interfacial cracks cut through the matrix and then go around the fiber-matrix interfaces to
change the crack direction.
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Figure 42: CT Image showing crack pattern in Ring compression specimen in plane of helicoid layers.

Figure 43: CT Image showing crack pattern in plain compression specimen through layers of helicoid fibers.

In helix structures, the cut through crack is confined with the external helical fibers,
which changes to an interfacial crack in the internal fiber surface. In the cross sectional view,
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the cut-through crack and the interfacial crack merge together to propagate through the matrix,
in which the crack direction is successfully changed between adjacent layers of the helicoidal
core.

Figure 44: CT Image showing crack pattern in Helix compression specimen in plane of helicoid layers.

Figure 45: CT Image showing crack pattern in plain compression specimen through layers of helicoid fibers.
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In general, both cut-through and interfacial cracks are found in the failure of helicoidal
fiber structures under compressive loading. The cut-through cracks are confined within the
helicoidal core in Helix structure; while they may propagate beyond the core in Plain or Ring
structures. The interactions between the cut-through and the interfacial cracks change the crack
directions between different layers of the helicoidal fiber cores.

FINITE ELEMENT RESULTS

For torsional tests, the Von Mises stresses and strains in the finite element analysis are
summarized from cross sections in two locations. One located between the interior fiber layers
and one at the center of the interior fibers. Shear stress for the torsion case is converted to a user
defined, cylindrical coordinate system with the origin at the central axis of the specimen. For
compressive tests, the stress contours in the depth cross sections are also shown. The total
rotational angle of torsion models and the axial displacement of the compression models is also
recorded.

5.1 Torsion Results
5.1.1 Model Validation

The experimental results displaced at expected magnitudes and also reflect the same
trend that is observed in the finite element investigation (Figure 46). The unreinforced plain
specimen displaced the least rotational angle with an average of 2.7 degrees. The rings
specimens experienced a slightly higher rotational angle and then the helix specimens’ rotation.
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In the finite element results, the plain specimen experiences the lowest rotation due to
the absence of low modulus exterior fibers (fiber volume ratio). Helix specimens have lower
rotation than ring specimens even their fiber volume ratios are the same (fiber volume ratio).
This is because the helical fibers are effective in resisting interlaminar shear stress. The good
agreement between the experimental data and modeling prediction give confidence in using the
finite element models to accurately predict the elastic behavior of the helicoidal fiber structures.
We will use the finite models to investigate the effects of fiber architecture on the mechanical
performance of the helicoidal fiber structures in the following sections.

Figure 46: Comparison of experimental and FEA displacements. The fiber ratios for the three types of
specimens are 0.22 for plain specimens and 0.30 for ring and helical specimens.
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5.1.2 Fiber to Matrix Modulus Ratio Study

The fiber-matrix modulus ratio results show that an increase of fiber stress and as the
fiber-matrix ratio increases. The stress contour images are shown in Figure 47 and rotational
displacement vs. modulus ratio is displayed in Figure 48.
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Figure 47: Von Mises Stress contours of model as the modulus ratio between the fiber and matrix is changes
(Unit: Psi).
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Figure 48: Plot of rotational displacement as the modulus ratio between the fiber and matrix material is
changed.

The results mean that outer helical fibers with larger moduli become more important in
resisting shear stresses, and the total rotation angle decreases accordingly. The contribution of the
fibers in resisting the load becomes apparent when the fiber modulus is higher than the matrix.
Stress in the fibers become very high as the stress in the matrix is relieved. The greatest
contribution to resistance of shear comes from the exterior fibers. This is in partly due to their
larger relative distance from the central axis and also due to their continuity through the length of
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the specimen though the interior fibers are also subjected to a slight increase in stress depending
on their distance from the central axis.

When the moduli of fiber and matrix are the same, it is the equivalent to a homogenous
cylinder under torsion. The results using this ratio helps to validate that the robustness of the by
comparing with analytical solutions. Though the geometry of the fibers still exists in the model,
the mesh is refined well enough so that smooth stress and strain contours are obtained accordingly.

It is expected that a circular cross section subject to pure torsion would experience the
highest stresses at the outer surface and decrease linearly towards the center where the stress is
zero. The stress at any point of the same radius from the center should be the same for a
homogeneous cylinder. Parallel, circular, inscribed stress contours should be observed. The
rotational displacement of this model can also be validated by comparing the FEA value to the
𝑇𝐿

analytical solution of the rotational displacement of a rod under torsion (𝜃 = 𝐺𝐽 ). These values
agree within 0.6%.

Results based the rule of mixture theory is also included for comparison. Figure 48 shows
the discrepancy between the FEM models and the rule of mixture models predicting a
significantly lower compliance as the modulus ratio increases.

5.1.3 Pitch Angle of Exterior Helical Fibers
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The pitch angle of the exterior helical fibers are changed from 15 to 90 degrees. The stress
contours are shown in Figure 49, and the rotation versus pitch angle curve is displayed in Figure
50. The results from this test indicates the highest stress in the fibers when they are oriented at a
forty five degree angle. When the pitch angle is any higher or lower, there is significantly less
stress in the exterior fibers. This high stress directly corresponds to a greater contribution to
resisting the load and results in the lowest rotational displacement when the outer fiber are at a
forty five degree pitch angle.

Forty five degree fibers can be expected to have the highest stress and lowest rotational
displacement. Under torsional test, the resulting principal tensile stresses are oriented at forty five
degree relative to the cylindrical axis. Forty five degree fibers are positioned to directly oppose
this principal tensile stress, resulting in the most efficient shape in resisting the shear stresses.
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Figure 49: Von-Misses Stress contours of model as the pitch angle of the exterior fibers is changed (Unit:
Psi).
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Figure 50: Plot of rotational displacement as the pitch angle of exterior fibers is changed.

5.1.4 Number of Exterior Fibers Study

In the case where the number of exterior fibers is increased from two to thirty six fibers, the
model with only two large fibers provides more stiffness and results in the least rotational
displacement. The stress contour images are shown in Figure 51 and the curve of rotational
displacement versus the number of fibers is displayed in Figure 52.
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Figure 51: Von Mises Stress contours of model as the number of exterior fibers is increased from two to
forty (Unit: Psi).
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Figure 52: Plot of rotational displacement as the number of exterior fibers increases.

Consequentially, the higher stiffness from using two or four fibers results in much
higher stress levels in those larger fibers. Rotational displacement increases with more fibers
until the model exceeded sixteen fibers and then displacement began to trend slightly
downward.
There is a geometric explanation for these results. When there are very few fibers, the
fibers are much larger to maintain the same fiber volume as the cases where there are many
small fibers. These larger fibers create a scenario where a higher percentage of the fiber is
positioned farther from the central axis. By positioning more fiber material farther from the
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central axis, the polar moment of inertia of the structure of fibers is increased thus decreasing
the rotational displacement.
5.1.5 Interior Fiber Angle Study

The final parameter explored is the rotation fiber angle between the adjacent fiber layers
of the helicoidal cores. The stress contours are shown in Figure 53 and the curve of rotational
angle versus interior fiber angle is displayed in Figure 54. The results of this test show no
substantial change in response to the torsional load. Stresses in both the interior and exterior fibers
were unchanged throughout the test. There are slight changes in the stresses in the matrix between
the layers of fibers indicating interactions between the layers but very insignificant. There is also
no substantial change in rotational displacement between the models.

59

Figure 53: Von-Mises Stress contours of model as the relative angle between the fibers is changed (Unit: Psi).
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Figure 54: Plot of rotational displacement as the relative angle between interior fibers is changed.

These results show that the interior fibers have limited contribution to interlaminar shear
resistance and the rotation angles of the helicoidal fibers does not affect their contribution. As
expected, the interior fibers have limited capacity in resisting the out- of-plane shear stress, likely
due to the discontinuity between layers. The role of the interior fibers is more focused on resisting
cracks from propagating perpendicular to the layers as is their purpose to the mantis shrimp club
(Grunenfelder 2014).

5.1.6 Integrated Pitch Angle and Number of Fibers Study
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Helicoidal structures with different number of fibers are evaluated with varying pitch
angles ranging from 15 to 90 degrees. Resulting contours and rotation plots are displayed in
Figure 55, Figure 56, Figure 57. When the fiber is stiffer than the matrix, the pitch angle is a
dominate factor. As the pitch angle approaches 45 degrees, the helicoidal structure has the lowest
rotation angle, and the number of exterior fibers do not have a significant effect on the rotation
modulus. When the pitch angle is close to 90 degrees, the number of fibers plays a more
significant role in the rotation stiffness. Comparing the two contours of different fiber modulus
(5:1 and 10:1), structures with higher modulus fibers have lower rotational displacements. It is
also notable that the difference that changing the number of exterior fibers becomes more
significant with high modulus fibers.

For cases when the fiber modulus is less than that of the matrix, different trends are
observed. For structures with twelve fibers or less, the trend as the pitch angle changes is similar
to that in Figure 48, though is not obvious in the surfaces due to extreme values at low fiber count
and pitch angles. The helical structure of the composite is still effective in resisting rotation. When
the number of the helical fibers is more than twelve, the rotational displacement continues to
decrease as the pitch angle is lowered to 15 degrees.
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Figure 55: Function of Von Misses Stress contours of models with increasing number of exterior fibers as
their pitch angles change (Unit: Psi).
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Figure 56: Surface plot of rotational displacement for models with increasing number of exterior fibers as
their pitch angle changes when the fiber is stiffer than the matrix.

Figure 57: Surface plot of rotational displacement for models with increasing number of exterior fibers as
their pitch angle changes when the fiber is stiffer than the matrix.
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5.2 Compression Results

5.2.1 Fiber to Matrix Modulus Ratio Study

The effect of fiber-to-matrix modulus ratio on the compression performance of the
helicoidal composites are shown in Figure 58 and Figure 59. Again, agreement is obtained
between the analytical solution and the finite element model at the 1:1 fiber-to-matrix ratio. Large
differences are found when the fiber-to-matrix ratios are substantially greater than one, indicating
that the fiber architecture is important to the mechanical performance of the helicoidal fiber
structures. Displacement decreases as the fiber-to-matrix modulus ratio increases.
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Figure 58: Von Mises stress contours of model as fiber to matrix modulus ratio increases (Unit: psi).
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Figure 59: Plot of axial displacement of compressive model as the modulus ratio increases.

5.2.2 Pitch Angle of Outer Helical Fibers

The results of the pitch angle study are shown in Figure 52 and Figure 53. When the
pitch angle of helical fiber fibers changes from 0 to 90 degrees, the helicoidal composite are stiffer
as the fibers become more vertical. A vertical fiber directly opposes the compressive axial force
similar to a column therefore making the composite more stiff. As the pitch angle decreases below
15 degrees, the displacement begins to slightly decrease. Ring reinforcements and 15 degree
fibers confine lateral expansion due to the Poisson affect, indirectly stiffening the structure.
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Figure 60: Von Mises stress contours of model as pitch angle of exterior helical fibers increases (Unit: psi).
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Figure 61: Plot of axial displacement of compressive model as the pitch angle of the interior fiber increases
from 0 to 90 degrees.

5.2.3 Number of Exterior Helical Fibers

The exterior fiber number study is shown in Figure 54 and Figure 55. Models with two
and four fibers have a slightly smaller displacement compared to the rest. The helical fibers induce
a very slight rotational displacement due to their angle relative to the applied load. The larger
fibers provide better resistance for the same reason described in the torsional investigation and
therefore stiffen the structure in the axial direction as well.
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Figure 62: Von Mises stress contours of model as the number of helical fibers is increased (Unit: psi).
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Figure 63: Plot of axial displacement of compressive model as the number of exterior fibers increases from
two to twenty-eight.

5.2.4 Interior Fiber Angle
When the rotation angle is lower than 15 degrees, a slight increase in composite
stiffness is found as the rotation angle approaches zero. Stress contours indicate stress
concentrations in matrix regions between layers where fibers overlap. The largest stress
concentrations occur when fibers are stacked parallel to each other therefore stiffening the
structure.
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Figure 64: Von Mises Stress contours of models with increasing number of fibers as the relative angle
between interior fibers increases (Unit: psi)
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Figure 65: Plot of axial displacement of compressive model as relative angle between interior fibers
increases from zero to ninety.
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5.2.5 Integrated Pitch Angle and Number of Fibers Study

Helicoidal structures with different number of fibers are evaluated with varying pitch
angles ranging from 15 to 90 degrees. Resulting contours and displacement plots are displayed
in, Figure 5664 and Figure 5765. When the fiber is stiffer than the matrix, the pitch angle is a
dominate factor. As the pitch angle approaches 90 degrees, the helicoidal structure has the lowest
displacement, and the number of exterior fibers do not have a significant effect on the
displacement. Comparing the two contours of different fiber modulus (5:1 and 10:1), structures
with higher modulus fibers have lower displacements.

74

Figure 66: Von Mises stress contours of models with different combinations of number of fibers and pitch
angles (Unit: psi).
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Figure 67: Displacement plots with different number of exterior fibers and pitch angle when the modulus
ratio is greater than one.

Figure 68: Displacement plots with different number of exterior fibers and pitch angle when the modulus
ratio is less than one.
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CONCLUSION
Helicoidal structures provide excellent shear and normal resistance of structures
found in nature. In this thesis, an integrated experimental and numerical approach is used to
study the mechanical performance of bioinspired helicoidal fiber-reinforced composites. Our
center hypothesis is that the fiber architecture affects the mechanical performance of the
helicoidal structures
First, fiber-reinforced helicoidal composites are fabricated using 3D-printed fiber cores
and epoxy matrices. Three types of helicoidal fiber structures are created with no reinforcement
(Plain), ring reinforcement (Ring) and helical reinforcement (Helix).
Then, both monotonic torsional and compressive testing are performed to characterize
the interlaminar shear and the compressive resistance of the helicoidal fiber structures,
respectively. In this study, the fiber has lower modulus than the matrices. The Plain specimens,
that having the lowest fiber ratio, exhibits the highest shear and compressive resistance.
However, even though the fiber volume ratios are the same in the Ring and Helix specimens,
the Helix specimens exhibit higher interlaminar shear resistance due to the continuous helical
fiber reinforcement across the depth.
Fractographic characterization is performed using different microscopic techniques.
In the torsional tests, the scanning electronic microscopic analysis reveal that cut-through cracks
are dominant in the failed Plain specimens. However, in the Ring and Helix specimens,
interfacial cracks between fibers and matrix occur when the external rings or helical fibers are
cut off. For specimens in torsion, the interior helicoidal fiber were protected by the presence of
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the helical and ring fibers. A crack in a helicoidal composite with this additional reinforcement
has a more controllable failure and crack propagation. In compression tests, crack propagating
through the layers of helicoids are diverted through a combined alternation between cutting
through and interfacial cracks. The addition of surrounding helical reinforcement effectively
confine cracks within the helicoidal core, while cracks propagate beyond the helicoids in Plain
and Ring specimens.
The finite element models are verified by comparing the predictions with the elastic
ranges of the load(torque)-displacement(angle) curves in the monotonic tests. A series of
numerical simulation are performed to study the effect of fiber architecture on the mechanical
performance of the helicoidal fiber structures. The primary factors include
the fiber-to-matrix modulus ratio, the pitch angle of the external helical fibers, the rotation angle
between adjacent fiber layers and the number of helical fibers. The finite element results cover a
wide range of modulus ratio from 0.1 to 25. When the modulus ration are far greater than one,
the fibers play a more important role in resisting the shear and normal stresses compared to
matrices. Meanwhile, the results also show that the pitch angle of the helical belt fibers has
noticeable effects on the shear and normal resistance of the helicoidal fiber structures. A 45
degree pitch angle produces the highest shear resistance, while a 90 degree pitch angle produced
the highest compressive resistance.

78

In this study, essential understandings are obtained on how helicoidal structures gain
their shear and normal resistance through an integrated experimental and numerical approach,
and be used to create high performance bioinspired helicoidal structures in the future.
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APPENDIX
Coordinate Systems
Orthogonal curvilinear coordinates:
Rectangular coordinates are converted to be expressed in terms of a new coordinate
system where any point (𝑥, 𝑦, 𝑧) has a corresponding (𝑢1 , 𝑢2 , 𝑢3 ) (Marshall 1987)
𝑥 = (𝑢1 , 𝑢2 , 𝑢3 )

𝑦 = (𝑢1 , 𝑢2 , 𝑢3 )

𝑧 = (𝑢1 , 𝑢2 , 𝑢3 )

Figure 69: Graphical representation of coordinate system transformation (Marshall 1987).

Position vector:
𝒓 = 𝒊𝑥 + 𝒋𝑦 + 𝒌𝑧
𝑼 is a vector tangent to the 𝑢 curve at a point in space that is represented by the position vector.
Where 𝑠 is the length along the 𝑢 curve.

𝜕𝒓
𝜕𝑠

is a unit vector where 𝒖 is the unit vector tangent to

the 𝑢 curve.
𝑼=

𝜕𝒓 𝜕𝒓 𝑑𝑠
=
=ℎ𝒖
𝜕𝑢 𝜕𝑠 𝑑𝑢

ℎ is the length of 𝑼 and provided distances to the differentials of the coordinate system. The
above also determines ℎ to be a scale factor such that ℎ = |𝑼|.
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𝑑𝑠
𝜕𝒓
=| |
𝑑𝑢
𝜕𝑢

ℎ=
and can be rewritten as:

𝑑𝑠 = ℎ 𝑑𝑢
The length along a curve in any direction in the 3D coordinate system is:
𝑑𝒓
𝑑𝑠

𝜕𝒓 𝑑𝑢1

= 𝜕𝑢

1

𝑑𝑠

𝜕𝒓 𝑑𝑢2

+ 𝜕𝑢

2

𝑑𝑠

𝜕𝒓 𝑑𝑢3

+ 𝜕𝑢

3

𝑑𝑠

= 𝑼𝟏

𝑑𝑢1
𝑑𝑠

+ 𝑼𝟐

𝑑𝑢2
𝑑𝑠

+ 𝑼𝟑

𝑑𝑢3
𝑑𝑠

The coordinate curves are orthogonal so:
𝑼𝟏 ∙ 𝑼𝟐 = 𝑼𝟐 ∙ 𝑼𝟑 = 𝑼3 ∙ 𝑼𝟏 = 0
𝑼𝟏 ∙ 𝑼𝟏 𝑑𝑢12 + 𝑼𝟐 ∙ 𝑼𝟐 𝑑𝑢22 + 𝑼3 ∙ 𝑼𝟑 𝑑𝑢32 = 𝑑𝑠 2
We know 𝑼 ∙ 𝑼 = ℎ2 so:
𝑑𝑠 2 = ℎ12 𝑑𝑢12 + ℎ22 𝑑𝑢22 + ℎ32 𝑑𝑢32
To describe the element of volume:
The three vectors 𝑼𝑑𝑢 are mutually perpendicular and the arch lengths can be
described by their respective 𝑑𝑠 so volume can be described by:
𝑑𝜏 = |𝑼𝟏 𝑑𝑢1 × 𝑼𝟐 𝑑𝑢2 ∙ 𝑼𝟑 𝑑𝑢3 | = |𝒖𝟏 × 𝒖𝟐 ∙ 𝒖𝟑 |ℎ1 ℎ2 ℎ3 𝑑𝑢1 𝑑𝑢2 𝑑𝑢3
and simplified to:
𝑑𝜏 = ℎ1 ℎ2 ℎ3 𝑑𝑢1 𝑑𝑢2 𝑑𝑢3

To describe the surface:
Where 𝑢1 is constant, the surface area is given by just the cross product of 𝑼𝟏 𝑑𝑢1 and 𝑼𝟐 𝑑𝑢2 :
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𝑑𝝈1 = 𝒖𝟏 ℎ2 ℎ3 𝑑𝑢2 𝑑𝑢3
Similarly for scalar surfaces, elements on the coordinate surface:
𝑑𝜎1 = ℎ2 ℎ3 𝑑𝑢2 𝑑𝑢3
𝑑𝜎2 = ℎ3 ℎ1 𝑑𝑢3 𝑑𝑢1
𝑑𝜎3 = ℎ1 ℎ2 𝑑𝑢1 𝑑𝑢2
Conversion to Circular Cylindrical Coordinates (𝒓, 𝜽, 𝒛)
A circular cylindrical coordinate system is orthogonal so the previous process is
directly applicable. (𝑟, 𝜃, 𝑧) = (𝑢1 , 𝑢2 , 𝑢3 )

Figure 70: Graphical illustration of coordinate system conversion to cylindrical coordinates
(Marshall 1987).

Position vector:
𝑥 = 𝑟 cos 𝜃

𝑦 = 𝑟 cos 𝜃

𝑧=𝑧

𝒓 = 𝒊 𝑟 cos 𝜃 + 𝒋 𝑟 sin 𝜃 + 𝒌 𝑧
The three 𝑼 𝑑𝑢 vectors are perpendicular vectors with their arc lengths are defined as 𝑑𝑠
𝜕𝒓

𝑼𝒓 = 𝜕𝑟 = 𝒊 cos 𝜃 + 𝒋 sin 𝜃

ℎ𝑟 = 1
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𝒖𝑟 = 𝒊 cos 𝜃 + 𝒋 sin 𝜃

𝜕𝒓

𝑼𝜽 = 𝜕𝜃 = −𝒊 𝑟 cos 𝜃 + 𝒋 𝑟 sin 𝜃

ℎ𝜃 = 𝑟

𝒖𝜃 = −𝒊 cos 𝜃 +

𝑼𝒛 = 𝒌

ℎ𝑧 = 1

𝒖𝑧 = 𝒌

𝒋 sin 𝜃

For arc length:
𝑑𝑠 = √𝑑𝑟 2 + 𝑟 2 𝑑𝜃 2 + 𝑑𝑧 2
Element of Volume:
𝑑𝜏 = 𝑟 𝑑𝜃𝑑𝑟𝑑𝑧
Scalar Surface Elements:
𝑑𝜎𝑟 = 𝑟 𝑑𝜃𝑑𝑧
𝑑𝜎𝜃 = 𝑑𝑟𝑑𝑧
𝑑𝜎𝑧 = 𝑟 𝑑𝜃𝑑𝑟
Gradient:
𝜕𝑓

1 𝜕𝑓

𝜕𝑓

𝛁𝑓 = 𝒖𝟏 𝜕𝑟 + 𝒖𝜃 𝒓 𝜕𝜃 + 𝒖𝑧 𝜕𝑧
Divergence:
1 𝜕

1 𝜕𝐹𝜃

𝛁 ∙ 𝐅 = 𝒓 𝜕𝑟 (𝑟𝐹𝑟 ) + 𝒓

𝜕𝜃

+

𝜕𝐹𝑧
𝜕𝑧

Laplacian Operator:
1 𝜕

𝜕𝑓

1 𝜕2 𝐹𝜃

𝛁 2 𝑓 = 𝒓 𝜕𝑟 (𝑟 𝜕𝑟 ) + 𝒓𝟐
Curl:
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𝜕𝜃2

𝜕2 𝑓

+ 𝜕𝑧 2

𝒖𝒓
𝛁×𝑭=ℎ

𝜕

1

|
1 ℎ2 ℎ3 𝜕𝑟
𝐹𝑟

𝑟𝒖𝜃

𝒖𝒛

𝜕𝜃

𝜕𝑧

𝜕

𝐹𝜃

𝜕

|

𝐹𝑧

Composite Plate Theory
Classic Plate Theory
The hollow composite shaft requires a basic knowledge of composite plate theory. The
following is an overview. For the purpose of this application, analysis of only shear and normal
stress states are required. The cylindrical shape of the structure of interest and the torsional
loading scenario makes it necessary to use cylindrical coordinates to solve.
Composite plate theory begins with defining the stress or strain state of the composite. A
three dimensional stress state is typically described in a six row vector with the first three rows
defining the normal stress in each direction and the last three defining the shear stress in each
direction. Hooke’s law is used to derive a relationship matrix between stress and strain. (Daniel
2006)
𝜎𝑥
𝜎𝑦
𝜎𝑧
[𝜎] = 𝜎
𝑦𝑧
𝜎𝑥𝑧
[𝜎𝑥𝑦 ]

𝑄11
𝑄21
𝑄
[𝑄] = 31
0
0
[ 0

𝑄12
𝑄22
𝑄32
0
0
0

𝑄13
𝑄23
𝑄33
0
0
0

0
0
0
𝑄44
0
0
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0
0
0
0
𝑄55
0

0
0
0
0
0
𝑄66 ]

→

[𝜎] = [𝑄][𝜀]

For unidirectional fiber composites, the direction of the stress state must be transformed to be
aligned with the direction of the fibers in the composite plate. The resulting transformed stress
state is used for analysis of the composite plate.
𝑚2
𝑛2
0
[𝑇] =
0
0
[−𝑚𝑛
(𝜎𝑥 +

𝜕𝜎𝑥
𝜕𝑥

𝑛2
𝑚2
0
0
0
𝑚𝑛

0 0
0 0
1 0
0 𝑚
0 𝑛
0 0

0
0
0
−𝑛
𝑚
0

𝑑𝑥) 𝑑𝑦𝑑𝑧 + (𝜎𝑦𝑥 +

𝜕𝜎𝑦𝑥
𝜕𝑦

2𝑚𝑛
−2𝑚𝑛
0
0
0
2
(𝑚 − 𝑛2 )]

𝑚=cos 𝜃
𝑛=sin 𝜃

𝑑𝑦) 𝑑𝑥𝑑𝑧 + (𝜎𝑧𝑥 +

𝜕𝜎𝑧𝑥
𝜕𝑧

→

𝜎𝑥
𝜎1
𝜎𝑦
𝜎2
𝜎𝑧
𝜎3
=
[𝑇]
𝜎𝑦𝑧
𝜏4
𝜎𝑥𝑧
𝜏5
[ 𝜏6 ]
[𝜎𝑥𝑦 ]

𝑑𝑧) 𝑑𝑥𝑑𝑦 − 𝜎𝑥 𝑑𝑦𝑑𝑧 − 𝜎𝑦𝑥 𝑑𝑥𝑑𝑧 −

𝜎𝑧𝑥 𝑑𝑦𝑑𝑥 + 𝐹𝑥 𝑑𝑥𝑑𝑦𝑑𝑧 = 0
Once the stress state is established, a force balance equation can be made for all three
directions. Force balance in the x direction yields the following equilibrium equation of normal
and shear stresses.
Similar equilibrium equations can be derived for the y and z directions. Simplifying
and dividing by the volume of the control element (𝑑𝑥𝑑𝑦𝑑𝑧) results in the following equations
for x, y and z.

Figure 71: Illustration of degrees of freedom for a shell (Marshall 1987).
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𝜕𝜎𝑥 𝜕𝜎𝑦𝑥 𝜕𝜎𝑧𝑥
+
+
+ 𝐹𝑥 = 0
𝜕𝑥
𝜕𝑦
𝜕𝑧
𝜕𝜎𝑥𝑦 𝜕𝜎𝑦 𝜕𝜎𝑧𝑦
+
+
+ 𝐹𝑦 = 0
𝜕𝑥
𝜕𝑦
𝜕𝑧
𝜕𝜎𝑥𝑧 𝜕𝜎𝑦𝑧 𝜕𝜎𝑧
+
+
+ 𝐹𝑧 = 0
𝜕𝑥
𝜕𝑦
𝜕𝑧

To apply this theory to a structural element like a plate, the equations must be must be
integrates across the thickness of the plate. The following applies this integration to stress
resultants in a single layer composite plate. 𝑁 and 𝑄 are normal and shear resultants per unit
width.
𝑁𝑥
𝜎𝑥
𝜎𝑥
𝑁𝑦
𝜎𝑦
𝜎
𝑦
𝑁
+ℎ⁄2 𝜎
ℎ𝑘
𝜎𝑧
𝑁𝑧
𝑧
𝜎𝑥𝑦 𝑑𝑧𝑘
𝑁𝑥𝑦 = ∫−ℎ⁄ 𝜎𝑥𝑦 𝑑𝑧 = ∑ ∫ℎ
2 𝜎
𝑘=1 𝑘−1 𝜎
𝑥𝑧
𝑥𝑧
𝑄𝑥
𝜎
𝜎
[
]
[
]𝑘
𝑦𝑧
𝑦𝑧
𝑄
[ 𝑦]
In cases where multiple plies of different materials exist in a structural element. The
integral of the stress state of each ply must be summed to achieve a solution.
ℎ

𝑘
∑𝑁
𝑘=1 ∫ℎ

𝜕𝜎𝑥𝑘

𝑘−1 𝜕𝑥

ℎ

𝑘
𝑑𝑧 + ∑𝑁
𝑘=1 ∫ℎ

𝜕𝜎𝑦𝑘

𝑘−1 𝜕𝑦

ℎ

𝑘
𝑑𝑧 + ∑𝑁
𝑘=1 ∫ℎ

𝑘−1

𝜕𝜎𝑧𝑥𝑘
𝜕𝑧

𝑑𝑧 = 0

Then reorganized and simplified to
ℎ
∑𝑁 [ ∫ 𝑘 𝜎
𝜕𝑥 𝑘=1 ℎ𝑘−1 𝑥𝑘
𝜕

𝑑𝑧]

ℎ𝑘
+ 𝜕𝑦 ∑𝑁
𝑘=1 [∫ℎ𝑘−1 𝜎𝑦𝑥𝑘
𝜕
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𝑑𝑧]

𝜎
+ ∑𝑁
𝑘=1 𝑧𝑥 ]

ℎ𝑘

=0
ℎ𝑘−1

The previously derived 𝑁𝑥 and 𝑁𝑦 are seen in the bracketed quantities. The third term
can be reduced to the applied shear stressed at the top and bottom of the each ply. Interlaminar
shear stresses cancel through the thickness of each ply. Final equilibrium equations for x, y and z
directions are provided.
𝜕𝑁𝑥
𝜕𝑥

+

𝜕𝑁𝑥𝑦
𝜕𝑦
𝜕𝑄𝑥
𝜕𝑦

𝜕𝑁𝑦𝑥

+
+

𝜕𝑥
𝜕𝑁𝑦
𝜕𝑦
𝜕𝑄𝑦
𝜕𝑦

+ 𝜏1𝑥 − 𝜏2𝑥 = 0
+ 𝜏1𝑦 − 𝜏2𝑦 = 0
+ 𝑝1 − 𝑝2 = 0

Cylindrical Shell

Figure 72: Geometry of a cylindrical shell (Marshall 1987).

Figure 73: Illustration of the degrees of freedom for a cylindrical shell wall (Marshall 1987).
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In the same way elasticity equations are derived for plates in Cartesian coordinates, they
can be developed in cylindrical coordinates (Spencer 2006). Below are the resulting equilibrium
equations for a circular cylindrical shell were the wall is thin.
𝜕𝑁𝑧 1 𝜕𝑁𝑧𝜃
+
+ 𝑞𝑧 = 0
𝜕𝑧
𝑅 𝜕𝜃
𝜕𝑁𝑧𝜃 1 𝜕𝑁𝜃 𝑄𝜃
+
+
+ 𝑞𝜃 = 0
𝜕𝑧
𝑅 𝜕𝜃
𝑅
𝜕𝑄𝑧 1 𝜕𝑄𝜃 𝑁𝜃
+
−
+ 𝑝(𝑥, 𝜃) = 0
𝜕𝑧
𝑅 𝜕𝜃
𝑅
Elastic plate theory and cylindrical coordinates is now applied to a single layer hollow
cylindrical shaft. A thin walled tube cannot be directly applied to this shaft. It must be modeled
as a hollow shaft where the position of the inner and outer surfaces are not neglected.
Stress strain relationship in cylindrical coordinates only differs by transforming the
stiffness or compliance matrix according to the direction of the fibers where [𝑇] is the
transformation matrix.

𝐶11
𝐶21
𝐶
[𝐶] = 31
0
0
[ 0

[𝐶̅ ] = [𝐶][𝑇] =

𝐶12
𝐶22
𝐶32
0
0
0

𝐶13
𝐶23
𝐶33
0
0
0

0
0
0
𝐶44
0
0

̅
𝐶11
̅
𝐶21
̅
𝐶31

̅
𝐶12
̅
𝐶22
̅
𝐶32

̅
𝐶13
̅
𝐶23
̅
𝐶33

0
0
̅
[𝐶16

0
0
̅
𝐶26

0
0
̅
𝐶36

88

0
0
0
0
𝐶55
0
0
0
0
̅
𝐶44
̅
𝐶45
0

0
0
0
0
0
𝐶66 ]
0
0
0
̅
𝐶45
̅
𝐶55
0

̅
𝐶16
̅
𝐶26
̅
𝐶36
0
0
̅ ]
𝐶66

̅
𝐶11
𝜎𝑥
̅
𝐶21
𝜎𝜃
̅
𝜎𝑟
𝐶31
=
𝜏𝜃𝑟
0
𝜏𝑥𝑟
0
[𝜏𝑥𝜃 ]
̅
[𝐶16

̅
𝐶12
̅
𝐶22
̅
𝐶32
0
0
̅
𝐶26

̅
𝐶13
̅
𝐶23
̅
𝐶33
0
0
̅
𝐶36

0
0
0
̅
𝐶44
̅
𝐶45
0

0
0
0
̅
𝐶45
̅
𝐶55
0

̅
𝐶16
𝜀𝑥
̅
𝐶26 𝜀𝜃
̅
𝜀𝑟
𝐶36
0 𝛾𝜃𝑟
0 𝛾𝑥𝑟
̅ ] [𝛾𝑥𝜃 ]
𝐶66

Resultant Equations
The basics of resultant equations that incorporate load can be displayed by EulerBernoulli theory, direct integration or beam stress theory that creates a relationship between
applied load and beam deflection. (Hibbeler 2009)
Stress for beams is defined by:
𝜎(𝑥, 𝑦) =

𝑀𝑦
𝐼

Load is defined by :
𝑑4𝑦
𝑞(𝑥) = 𝐸𝐼 4
𝑑𝑥
Shear is defined by:
𝑉(𝑥) = −𝐸𝐼

𝑑3𝑦
= − ∫ 𝑞(𝑥) 𝑑𝑥 = ∫ ∫ 𝜎(𝑥, 𝑦) 𝑑𝑦 𝑑𝑧
𝑑𝑥 3

Moment is defined by:
𝑀(𝑥) = −𝐸𝐼

𝑑2 𝑦
= − ∫ 𝑉(𝑥) 𝑑𝑥 ∫ ∫ 𝑦 𝜎(𝑥, 𝑦) 𝑑𝑦 𝑑𝑧
𝑑𝑥 2

Angle of rotation is defined by:
𝜃(𝑥) = −

𝑑𝑦
𝑀(𝑥)
=∫
𝑑𝑥
𝑑𝑥
𝐸𝐼
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And finally, the displacement is defined by:
𝑣(𝑥) = ∫ 𝜃(𝑥) 𝑑𝑥

Cylindrical Coordinates
Strain displacement in cylindrical coordinates is described in terms of axial, tangential
and radial displacements.
The coordinate system is defined as:
𝑢 = 𝑢(𝑥, 𝜃, 𝑟)
𝑣 = 𝑣(𝑥, 𝜃, 𝑟)
𝑤 = 𝑤(𝑥, 𝜃, 𝑟)
So simplified displacement relationships for a composite can be defined assuming that
it is axisymmetric about 𝑥. All stresses and strains are independent of 𝜃 and radial
displacements are independent of the 𝑥-axis.
𝜕𝑢

𝜀𝑥 = 𝜕𝑥

1 𝜕𝑣

𝜀𝜃 = 𝑟 (𝜕𝜃 + 𝑤) =
𝜀𝑟 =

𝑤
𝑟

𝜕𝑤
𝜕𝑟
1 𝜕𝑤

𝜕𝑣

𝜕𝑣

𝑣

𝛾𝜃𝑟 = 𝑟 ( 𝜕𝜃 − 𝑣 + 𝑟 𝜕𝑟 ) = 𝜕𝑟 − 𝑟
𝛾𝑥𝑟 =

𝜕𝑢
𝜕𝑟
𝜕𝑣

+

𝜕𝑤
𝜕𝑥

𝜕𝑢

=𝜕𝑟

1 𝜕𝑢

𝜕𝑣

𝛾𝜃𝑥 = 𝜕𝑥 + 𝑟 𝜕𝜃 =𝜕𝑥
Torque is found by integrating the shear stress across the thickness of the shaft:
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𝑅𝑜

𝑻𝒙 = 2𝜋 ∫ 𝜏𝑥𝜃 𝑟 2 𝑑𝑟
𝑅1

̅ 𝜀𝑥 + 𝐶26
̅ 𝜀𝜃 + 𝐶36
̅ 𝜀𝑟 + 𝐶66
̅ 𝛾𝑥𝜃
𝜏𝑥𝜃 = 𝐶16
̅ is the transformed shear modulus
𝜀𝑥 , 𝜀𝜃 and 𝜀𝑟 are very small and can be neglected and 𝐶66
̅ ∫
𝑻𝒙 = 2𝜋𝐶66

𝑅𝑜

𝑅1

𝑅𝑜
𝜕𝑣 2
𝜕𝜃 3
̅
𝑟 𝑑𝑟 = 2𝜋𝐶66 ∫
𝑟 𝑑𝑟
𝜕𝑥
𝑅1 𝜕𝑥

𝜕𝜃
𝑅𝑜 4 − 𝑅1 4
̅
𝑻𝒙 = 2𝜋
𝐶
𝜕𝑥 66
4
𝜕𝜃 =

2𝑑𝑥𝑻𝒙
̅ (𝑅𝑜 4 − 𝑅1 4 )
𝜋𝐶66

Figure 74: Illustration of outer fiber helical section of the composite.
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The previous derivation is applied and compared to a finite element model ran in
ABAQUS. The model is a slice of the composite layer as a short hollow shaft. The helical
fibers reinforcing at the center of the part are oriented at 45 degrees for optimal resistance of
pure torsion. One surface is fixed and a pure torsional load of 10 lb-in is applied to the other
surface.
This analytical solutions yields a rotational displacement from pure torsion within a
6.5% error of finite element. Composite laminate theory assumes that the fibers are evenly
distributed throughout the matrix. The fibers in the model are concentrated in the center of the
hollow shaft leaving the volume of the inner and outer third without reinforcement. The error
can likely be reduced by analyzing the shaft as three separate laminates, a reinforced composite
layer sandwiched between two non composite layers. This can be achieved by summing the
result of each layer integrated across their respective inner and outer radii.
𝑁

𝑻𝒙 = ∑ 2𝜋 ∫
𝑘=1

𝑟𝑘

𝑟𝑘−1

(𝑘)

𝜏𝑥𝜃 (𝑟) 𝑟 2 𝑑𝑟

In conclusion, a solution has been found to quantify the rotational displacement of just
the outer part of the composite structure introduced previously. Including the central core of
layered fibers requires the same process that can be simplified because a transformation of the
̅ = 𝐺2 ).
in plane shear properties is not required. (𝐶66
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